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A graph G = (V, E) is a simple graph, with no loops or multiedges.

An independent set in G is a subset of vertices with no edges
between them.

That is, an independent set induces a totally disconnected
subgraph.

The independence complex of a graph G = (V, E) is the simplicial
complex with:

Vertex set V and

Face set {independent sets of G}.

A complex is flag if it is the independence complex of some graph.

Approach: Examine graph theoretic properties of G and their
consequences for the independence complex.
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A graph is chordal if it contains no induced cycles of

length > 3. %

Equivalently, every cycle of length > 4 has a “chord".

Theorem: (Francisco and Van Tuyl) If G is a chordal graph, then
the independence complex of G is sequentially Cohen-Macaulay.

Several improvements:

Theorem: (me, Dochtermann-Engstrom) If G is a chordal graph,
then the independence complex of G is vertex decomposable.

Theorem: (me) If G contains no induced cycles of length other
than 3 or 5, then G is vertex decomposable.

Theorem: (me) If for every independent A in a graph G the
subgraph G \ N[A] has a “simplicial vertex”, then the independence
complex of G is vertex decomposable. 5/ 12
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independent sets of G \ v.

Main fact: If G is chordal, then G has vertex w with N[w] a
complete subgraph.

Such a w is called a simplicial vertex.

Lemma: If N[w]| C NJ[v], then v is a shedding vertex.

Proof: Augment any independent set in G \ N[v] by w, giving a
larger independent set in G \ v. O

Corollary: Any neighbor of a simplicial vertex is a shedding vertex.
Hence a chordal graph is vertex decomposable.

To show that every link has simplicial vertex — vertex dec.,
notice that repeated deletion of neighbors of w leaves wUG \ N[w].
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Shedding vertex v: independent sets of G \ N[v] are not maximal
independent sets of G \ v.

Theorem: (me) If G contains no induced cycles of length other
than 3 or 5, then G is vertex decomposable.

Sketch: A non-trivial theorem of Chvatal, Rusu, and Sritharan says
that a graph with no cycles > 6 which is not the disjoint union of
complete graphs has a “3-simplicial path”. This is a path of length
3 that does not sit inside any chordless path of length 5.

The middle vertex v of a 3-simplicial path is a shedding vertex:
An independent set in G \ N[v] can be augmented by either wy or
wo, since it can't neighbor both of them. 8/ 12
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Obstructions to shellability

The cyclic graphs C, are not shellable or sequentially
Cohen-Macaulay for n # 3,5. (Consider top skeleta.)
6

5

Go :

(7 is Mabius:

3 6 2 5

Corollary: (me) The obstructions to shellability (minimal
non-shellable complexes) in flag complexes are exactly the
independence complexes of C,, n # 3,5.
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Flag complexes can be described in terms of their facets (maximal
faces), or in terms of their minimal non-faces.
The minimal non-faces of a flag complex form a graph.

In the 1st section, we related the graph theoretic properties of the
non-faces of a flag complex to shellability of the complex.

A general simplicial complex can also be described in terms of
minimal non-faces.

The non-faces can be any set system C, with the restriction that
X, YelC = X¢gY.

This is a kind of set system, called a clutter or Sperner system.

Can we relate the clutter-theoretic properties of C to shellability of
its independence complex?

10/ 12
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Example: 1) Any simplicial vertex in a graph.
2) Any vertex in a matroid (circuit clutter).
3) Any vertex contained in only one edge.

Definition: We call a clutter chordal if the non-face clutter of
every link and induced subcomplex has a simplicial vertex.

Example: 1) Chordal graphs.

2) The circuit clutter of a matroid.
3) “Acyclic” hypergraphs.
(

Theorem: (me) The independence complex of a chordal clutter is
shellable.
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Chordal clutters

Technique: Define shedding face and k-decomposability in
non-pure complexes, generalizing Provan-Billera and
Bjorner-Wachs.

Remark: The independence complexes of chordal clutters form a
large family of shellable complexes where every induced subcomplex
and link are shellable.

This is a beginning to the general obstruction to shellability
problem.

Application: there are 21 obstructions to shellability on 6 vertices
that have every link shellable. (by GAP computation)
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Thank youl!

Russ Woodroofe
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