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Schur functions

- Partition \ = ()\1, Ao, ..., )\l)

- Example: (4,4,3,1)
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Schur functions

- Partition \ = ()\1,)\2,...,)\1). B <
Z
- Example: (4,4,3,1) \/ 5 6|6
- Semistandard Young tableau 4,4/ 4|9
(SSYT) 113 3 4
Schur function s, In the variables

x = (x1, 9, ...) defined by

'sin T #2'sin T
S)\(X)Z Z XT: Z x;fﬁsm x;&sm

SSYT T SSYT T

2. 4. 2
S4431(X) = 12504 T5TEX7T9 + - - -
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Skew Schur functions

- Partition \ = ()\1, Ao, ..., )‘l) <
e u fits inside \: form \/p. 7
- Example: (4,4,3,1)/(3,1) V 516/ 6
- Semistandard Young tableau ¥ | 4/4]9
(<ssyry i 14
Skew Schur function s, ,, in the variables
x = (x1, 9, ...) defined by
SA/ILL Z X Z x;fﬁl’s in Tx;%Q's inT

SSYT T SSYT T

2 4 9
S4431(X) = 12504 T5TEXT7T9 + - - -
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Do we care? For Schur!

- Schur functions are symmetric functions

- Schur functions s, form a basis for the symmetric
functions.

- Arise In: representation theory of the symmetric
group S,.

- They are the characters of the irreducible
representations of GL(n, C).

- Correspond to Schubert classes in H*(Gry, ).
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For skew Schur?

- Skew Schur functions are symmetric functions

Sxa/u(X) = Z X Sv(X).

v

c§,: Littlewood-Richardson coefficients

» Since ¢, > 0, they are Schur-positive.

S4431/31 = S44 + 25431 + S422 + S4211 + S332 + S3311-

« Schur-positive symmetric functions are significant
In the representation theory of S,,.
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Cylindric skew Schur functions
I ————_,)|.essee

+ Infinite skew shape C

« Invariant under
translation

- ldentify (z,y) and kL
(x —n+k,y+ k). n—k
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Cylindric skew Schur functions
o ———

+ Infinite skew shape C .[6]6
. 4149
« Invariant under 113 % 2 g 2 5
translation 173 33766
_ T 204[4[4]9
- Identify (z,y) and k [113[3[3
(x —n+k,y+ k). n—k 214

- Entries weakly increasing in each row
Strictly increasing up each column

- Alternatively: SSYT with relations between entries
In first and last columns

1's in T 2'sin T
SC(X):Z :XTZZ :ajgléé S in ZE;& sin1l
T T

* s5¢ 1S a symmetric function

.—p.5/23



Cylindric skew Schur functions
o ———

EXAMPLE

n-k

- Gessel,Krattenthaler: “Cylindric Partitions”

- Bertram, Ciocan-Fontanine, Fulton: “Quantum
Multiplication of Schur Polynomials”

- Postnikov: “Affine Approach to Quantum Schubert
Calculus” mat h. CO' 0205165

- Stanley: “Recent Developments in Algebraic
Combinatorics” mat h. CO/ 0211114
L
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Motivation 1. P-partitions and an old
conjecture of Stanley




Motivation 1: P-partitions and an old
conjecture of Stanley

P: partially ordered set
(poset)
w:P—{12,...,|P|}
bijective labelling

DEFINITION (R. Stanley) Given a labelled poset (P, w),
a (P,w)-partition is amap f : P — P with the following
properties:

- fis order-preserving: If x <y in P then f(z) < f(y)
cIfx<yin Pand w(x) > w(y) then f(z) < f(y)
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conjecture of Stanley
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a (P,w)-partition is amap f : P — P with the following
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Motivation 1: P-partitions and an old
conjecture of Stanley

5
P: partially ordered set 2 3
(poset)
w:P—{12,...,|P|}
bijective labelling 2

DEFINITION (R. Stanley) Given a labelled poset (P, w),
a (P,w)-partition is amap f : P — P with the following
properties:

- fis order-preserving: If x <y in P then f(z) < f(y)
cIfx<yin Pand w(x) > w(y) then f(z) < f(y)

pr ZXf—Zx ) .




A non-symmetric example

Kp,(x ZX Z xf&f_l(l)x;%f_l@) e
J
EXAMPLE
Sad
2
b C
a*vl

Coefficient of z5zox3 = 1
Coefficient of zyz92% = 0
= Nnot symmetric
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Schur labelled skew shape posets
and Stanley’s P-partitions Conjecture

QA Q@
o o@E

Bijection: SSYT of shape \/u < (P, w)-partitions
Furthermore,

KP,w (X) — S)\/M(X)'

BiIG QUESTION What other labelled posets (P,w) have
symmetric Kp,(z) ?
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Schur labelled skew shape posets
and Stanley’s P-partitions Conjecture

QA Q@
o o@E

Bijection: SSYT of shape \/u < (P, w)-partitions
Furthermore,

KP,w(X) — S)\/,u(X)'
BiIG QUESTION What other labelled posets (P,w) have
symmetric Kp,(z) ?

CONJECTURE (Stanley, c.1971) Kp(x) IS symmetric If

and only if (P,w) Is iIsomorphic to a (Schur labelled)
skew shape poset.
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Connection to cylindric skew Schur

functions
C
aﬂ: ]b

We can check that Kp ,(x) Is symmetric.
So does it obey Stanley’s conjecture?

EXAMPLE
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Connection to cylindric skew Schur
functions

EXAMPLE C d

<,

We can check that Kp ,(x) Is symmetric.
So does it obey Stanley’s conjecture?
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Connection to cylindric skew Schur

functions
C
aﬂ: ]b
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Connection to cylindric skew Schur
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Connection to cylindric skew Schur

functions
C
aﬂ: ]b

We can check that Kp ,(x) Is symmetric.
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Connection to cylindric skew Schur

functions
C
aﬂ: ]b

We can check that Kp ,(x) Is symmetric.
So does it obey Stanley’s conjecture?

EXAMPLE

QDO
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Connection to cylindric skew Schur
functions

EXAMPLE C d

<,

We can check that Kp ,(x) Is symmetric.
So does it obey Stanley’s conjecture?

QDO
o
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Connection to cylindric skew Schur
functions

EXAMPLE C d

<,

We can check that Kp ,(x) Is symmetric.
So does it obey Stanley’s conjecture?

'ad
b

DO
@) (®X
DO
o
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Connection to cylindric skew Schur

functions
C
aﬂ: ]b

We can check that Kp ,(x) Is symmetric.
So does it obey Stanley’s conjecture?

EXAMPLE

'ad
b

DO
@) (®X
DO
o

w(a) > w(c) > w(b) > w(d) > w(a) Yikes!
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Connection to cylindric skew Schur

functions
C
aﬂ: ]b

We can check that Kp ,(x) Is symmetric.
So does it obey Stanley’s conjecture?

EXAMPLE

'ad
b

DO
@) (®X
DO
o

w(a) > w(c) > w(b) > w(d) > w(a) Yikes! Oriented Poset
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(P, O)-partitions

Labelled poset (P,w) Oriented poset (P, O)
KP,w (X) KP,O (X)
skew shape posets cylindric skew shape posets
skew Schur functions cylindric skew Schur functions

= o oo |~
w0
w

=
N |w |

=

N
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Malvenuto’s reformulation

THEOREM (C. Malvenuto, c. 1995) A labelled poset is
a skew shape poset if and only if every connected
component has no forbidden convex subposets

THEOREM (McN.) An oriented poset Is a cylindric skew
shape poset if and only If every connected component
has no forbidden convex subposets

CONJECTURE (Stanley) Kp,(x) Is symmetric if and

only if every connected component of (P,w) IS
Isomorphic to a skew shape poset.

CONJECTURE (Stanley’s conjecture extended to
oriented posets) Kpo(x) Is symmetric if and only if
every connected component of (P, O) Is iIsomorphic to
a cylindric skew shape poset.
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Extended version Is false!




Motivation 2: Positivity of Gromov-
Witten invariants

In H* (G?“]m), y
vCkx(n—k)

IN QH*(GTkn),

d~v,d

d>0 vEIA+|p|—dn
T vCkx(n—k)

Cy¢ = 3-point Gromov-Witten invariants

= #{rational curves of degree d in Gry, that meet fixed

generic translates of the Schubert varieties Q,v, Q,

and €, }.
Key point: C¢ > 0.
“Fundamental Open Problem™:

.- p.14/23




Motivation 2: Positivity of Gromov-
Witten invariants

In H* (G?‘/m), y
vCkx(n—k)

IN QH*(GT/M),

d~v,d
U)\*O'MZZ Z q C)\MU,,.

d>0 vEIA+|p|—dn
T vCkx(n—k)

Cy: = 3-point Gromov-Witten invariants

— #{rational curves of degree d in Gr,, that meet fixed
generic translates of the Schubert varieties Q,v, Q,
and €, }.

Key point: C¢ > 0.

“Fundamental Open Problem”: Find an algebraic or
combinatorial proof of this fact.

.—p.14/23




What's cylindric got to do with it?

THEOREM (Postnikov)

S)\/d/u(xl,...,iljk) — Z O)\MSV(ZEL... )

vCkx(n—k)

Conclusion: Want to understand expansions of

cylindric skew Schur functions into Schur functions.

.- p.15/23




What's cylindric got to do with it?

THEOREM (Postnikov)

v,d
S)\/d/,u(xla---axk) — Z CA’;SV(ZCl,...,xk)-

vCkx(n—k)

Conclusion: Want to understand expansions of
cylindric skew Schur functions into Schur functions.

COROLLARY s)/q/,(71,72, ..., 7)) IS SChur-positive.

Known: sy /q/,(1, 72, ...) need not be Schur-positive.

Note: sy(xz1,29,...,2;) #0 < X has at most k& rows.

Example: If S\/d/u = S22 + S211 — S1111, then
Sx/d/u(T1, T2, T3) = s22 + s211 IS Schur-positive.
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When is a cylindric skew Schur func-

tion Schur-positive?
O —"

THEOREM (McN.) For any cylindric skew shape C,

sc(x1,xe,...) 1S Schur-positive < C'Is a skew shape.

Equivalently, if C' is a non-trivial cylindric skew shape,
then sq(z1, x2,...) IS NOt Schur-positive.
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Example: Cylindric ribbons

EXAMPLE
C.. N
k
< n—k >
sc(x1,x2,...) = Z CuSy +Sp_f 1k — Sp_k—1,1k+1
vCkx(n—k)

+5p_k_g a2 — -4 (1) s,
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Example: Cylindric ribbons

EXAMPLE
C.. N
k
—
sc(x1,x2,...) = Z CuSy +Sp_f 1k — Sp_j—11k+1
vCkx(n—k)
+8p g ke — o+ (=1)" s,

Schur-positive with k£ + 1 variables

Not Schur-positive with > & + 2 variables

General cylindric skew shape: > k + 2 + [ variables
Shapes in Postnikov’s theorem: > 2k + 1 variables

.~ p.17/23




Tool: Cylindric skew Schur functions

as signed sums of skew Schurs
L —_

Bertram, Ciocan-Fontanine, Fulton:
© Nice description in terms of ribbons

@ Only for certain shapes, certain terms

Gessel, Krattenthaler:
© Works for all cylindric skew shapes

@ Not as nice a description

We can get the best of both worlds:

A technique for expanding a cylindric skew Schur
function in terms of skew Schur functions that
Works for all cylindric skew shapes like G-K and

has a nice description like B-CF-F
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Formula of
Bertram, Ciocan-Fontanine, Fulton

THEOREM (B-CF-F) For A, u, v C k x (n — k) with
| + |v| = || + dn for some d > 0, we have

Casl =Y e(t/N)e

where the sum is over all - with ;1 < n — k that can be
obtained from X by adding d n-ribbons.
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Formula of
Bertram, Ciocan-Fontanine, Fulton

THEOREM (B-CF-F) For A, u, v C k x (n — k) with
1| + |v| = || + dn for some d > 0, we have

ZC’)‘d ZZ& T/A)Csu(T1, .., Tg)

(%

where the sum is over all - with ;1 < n — k that can be
obtained from X by adding d n-ribbons.
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Formula of
Bertram, Ciocan-Fontanine, Fulton

THEOREM (B-CF-F) For A, u, v C k x (n — k) with
1| + |v| = || + dn for some d > 0, we have

ZC')‘dsy . 2257/)\0 Sy, .. xp)

where the sum is over all - with ;1 < n — k that can be
obtained from X by adding d n-ribbons.

COROLLARY For any cylindric skew shape \/d/u with
A\ Ckx(n—k), we have

Sx/d/u(T1s - TE) = 25(7/)\)37/#(:131, ey TE),

where the sum is over all - with , < n — &k that can be
obtained from ) by adding d n-ribbons.

.—p.19/23



Tool: Cylindric skew Schur functions

as signed sums of skew Schurs
L,

EXAMPLE
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Tool: Cylindric skew Schur functions
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Tool: Cylindric skew Schur functions
as signed sums of skew Schurs

EXAMPLE

=
[
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Tool: Cylindric skew Schur functions
as signed sums of skew Schurs

EXAMPLE
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Tool: Cylindric skew Schur functions
as signed sums of skew Schurs
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Tool: Cylindric skew Schur functions
as signed sums of skew Schurs

EXAMPLE : : : : : I
k | — -+ —_ [ + [
— | | |
D n—k
SC = S333211/21 — S$3322111/21 T S$331111111/21
= 53331 T S3322 1+ S33211 + S322111 + S31111111
—S5999211 — $92221111 + S$22111111 + S211111111-
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Consequence:. Lots of skew Schur
function identities
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Example: Cylindric ribbons

so(x1,x2,...) = Z CuSy +Sp_f 1k — Sp_k—1,1k+1
vCkx(n—k)

+5p_p— k2 — -+ (=1)" Fspn,
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Example: Cylindric ribbons

C H:
k
n—k k
n—k
SC(ZL’l, Loy .. ) = Z CuSy +Sn—]€,1k — Sn—k—l,lk‘H

vCkx(n—k)
+3n—k—2,1k+2 — et (_1)n_k31”'

HOWever, sq(zy,22,...)= Y sy +su.

vCkx(n—k)

sc. cylindric skew Schur function
sy . cylindric Schur function

We say that s¢ Is cylindric Schur-positive.
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A Conjecture

CONJECTURE For any cylindric skew shape C, s¢ IS
cylindric Schur-positive.
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A Conjecture
o ——

CONJECTURE For any cylindric skew shape C, s Is
cylindric Schur-positive.

THEOREM (McN.) The cylindric Schur functions
corresponding to a given translation (—n + k, +k) are
linearly independent.

THEOREM (McN.) If s can be written as a linear
combination of cylindric Schur functions with the same
translation as C, then s¢ Is cylindric Schur-positive.

.—p.23/23



	
	�romSlide {3}{
ed Skew}�lack {Schur functions}
	Do we care? For Schur!
	For skew Schur?
	Cylindric skew Schur functions
	Cylindric skew Schur functions
	Motivation 1: $P$-partitions and an old conjecture of Stanley
	A non-symmetric example
	Schur labelled skew shape posets and Stanley's $P$-partitions Conjecture
	Connection to cylindric skew Schur functions
	$(P,O)$-partitions
	Malvenuto's reformulation
	
ed Extended version is false!
	Motivation 2: Positivity of Gromov-Witten invariants
	What's cylindric got to do with it?
	When is a cylindric skew Schur function Schur-positive?
	Example: Cylindric ribbons
	Tool: Cylindric skew Schur functions as signed sums of skew Schurs
	Formula of\ Bertram, Ciocan-Fontanine, Fulton
	Tool: Cylindric skew Schur functions as signed sums of skew Schurs
	Consequence: Lots of skew Schur function identities
	Example: Cylindric ribbons
	A Conjecture

