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Cylindric skew Schur functions
I ————_,)|.essee

+ Infinite skew shape C

- [nvariant under
translation

- ldentify (z,y) and o .
($+k7y_n+k) n—k
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Cylindric skew Schur functions
o ———

+ Infinite skew shape C .[6]6
. 4149
« Invariant under 113 % 2 g g 5
translation 13 33766
_ T 204[4[4]9
- Identify (z,y) and k [113[3[3
(x+k,y —n+k). n—k 214

- Entries weakly increasing in each row
Strictly increasing up each column

- Alternatively: SSYT with relations between entries
In first and last columns

U'sinT #2'sinT
SC:E:XTZE:xsfésm m;éésm
T T

Straightforward: s~ Is a symmetric function
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Cylindric skew Schur functions
o ———

EXAMPLE

n-k

- Gessel,Krattenthaler: “Cylindric Partitions”

- Bertram, Ciocan-Fontanine, Fulton: “Quantum
Multiplication of Schur Polynomials”

- Postnikov: “Affine Approach to Quantum Schubert
Calculus” mat h. CO' 0205165

- Stanley: “Recent Developments in Algebraic
Combinatorics” mat h. CO/ 0211114
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Motivation
IN H*(Gﬁm),

OOy = Z CKMJ,/.
vCkx(n—k)

IN QH*(GTkn),

d~v,d

d>0 vEIA+|p|—dn
o vCkx(n—k)

Cy¢ = 3-point Gromov-Witten invariants

— #{rational curves of degree d in Gr,, that meet fixed
generic translates of the Schubert varieties Q,v, Q,

and €, }.
Key point: C¢ > 0.
“Fundamental Open Problem™:
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Motivation
IN H*(Gﬁm),

OOy = Z CKMO',/.
vCkx(n—k)

IN QH*(GTkn),

d~v,d

d>0 vEIA+|p|—dn
T vCkx(n—k)

Cy¢ = 3-point Gromov-Witten invariants

— #{rational curves of degree d in Gr,, that meet fixed
generic translates of the Schubert varieties Q,v, Q,

and €, }.
Key point: C¢ > 0.

“Fundamental Open Problem”: Find an algebraic or

combinatorial proof of this fact.
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What's cylindric got to do with it?

THEOREM (Postnikov)

v,d
S)\/d/,u(xla---axk) — Z CA’;SV(ZCl,...,xk)-

vCkx(n—k)

Conclusion: Want to understand expansions of
cylindric skew Schur functions into Schur functions.

COROLLARY s)/q/,(71,72, ..., 7)) IS SChur-positive.

Known: sy /q/,(1, 72, ...) need not be Schur-positive.

THEOREM (McN.) For any cylindric shape C,

sc(xq,xe,...) 1S Schur-positive < C'Is a skew shape.
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Example: Cylindric ribbons

EXAMPLE
C.. N
k
—
sc(x1,x2,...) = Z CuSy +Sp_f 1k — Sp_j—11k+1
vCkx(n—k)
+8p g ke — o+ (=1)" s,

Schur-positive with k£ + 1 variables

Not Schur-positive with > & + 2 variables

General cylindric skew shape: > k + 2 + [ variables
Toric shapes: > 2k + 1 variables
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Example: Cylindric ribbons

so(x1,x2,...) = Z CuSy +Sp_f 1k — Sp_k—1,1k+1
vCkx(n—k)

+5p_p— k2 — -+ (=1)" Fspn,
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Example: Cylindric ribbons

C H:
k
n—-k k
n-k
SC(ZL’l, Loy .. ) = Z CySy +Sn—]€,1k — Sn—k—l,lk‘H

vCkx(n—k)
+Sn—k—2,1k+2 — o (—1)n_k81n.

HOWever, sq(zy,22,...)= Y sy +su.

vCkx(n—k)

sc. cylindric skew Schur function

sy . cylindric Schur function

We say that s¢ Is cylindric Schur positive.
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A Conjecture

CONJECTURE For any cylindric shape C, s¢ Is cylindric
Schur positive.
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Tool: Cylindric skew Schur functions

as alternating sums of skew Schurs
O —"

Bertram, Ciocan-Fontanine, Fulton:
© Nice description in terms of ribbons
@ Only for toric shapes, certain terms

Gessel, Krattenthaler:
© Works for all cylindric shapes
@ Not as nice a description

We can get the best of both worlds:

A technique for expanding a cylindric skew Schur
function in terms of skew Schur functions that
Works for all cylindric shapes like G-K and

has a nice description like B-CF-F
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Tool: Cylindric skew Schur functions

as alternating sums of skew Schurs
IS,

EXAMPLE
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Tool: Cylindric skew Schur functions

as alternating sums of skew Schurs
IS,

EXAMPLE

kL

-

Peter McNamara — p.10/11



Tool: Cylindric skew Schur functions
as alternating sums of skew Schurs

EXAMPLE
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Tool: Cylindric skew Schur functions

as alternating sums of skew Schurs
S

EXAMPLE

k

1
1
I 1

o
Tk
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Tool: Cylindric skew Schur functions
as alternating sums of skew Schurs

EXAMPLE
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Tool: Cylindric skew Schur functions
as alternating sums of skew Schurs

EXAMPLE
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Tool: Cylindric skew Schur functions
as alternating sums of skew Schurs

EXAMPLE

SC = S33321/21 — S3222111/21 T S321111111/21
= 5333 + 253321 + S33111 1+ 53222 — S321111 + S3111111
—599991 — 25992111 + 2591111111 + S111111111-
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St.-Jean-Baptiste Day




St.-Jean-Baptiste Day
e —

+ W b

+ i Y

Special Session in Algebraic Combinatorics
Canadian Mathematical Society Winter Meeting
Saturday, December 11 - Monday, December 13

McGill University, Montréal

http://ww. | aci m ugam ca/ ~bi agi ol 1/ CMS/ cns. ht i

Francois Bergeron ber geron. francoi s@gam ca
Riccardo Biagioli bi agi ol i @ aci m ugam ca
Peter McNamara nchamar a@ aci m ugam ca

Christophe Reutenauer chri sto@ aci m ugam ca

Peter McNamara — p.11/11



	
	Cylindric skew Schur functions
	Cylindric skew Schur functions
	Motivation
	What's cylindric got to do with it?
	Example: Cylindric ribbons
	Example: Cylindric ribbons
	A Conjecture
	Tool: Cylindric skew Schur functions as alternating sums of skew Schurs
	Tool: Cylindric skew Schur functions as alternating sums of skew Schurs
	St.-Jean-Baptiste Day

