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We study the propagation of model electromagnetic pulsesthrough photonic bandgap materials
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I. INTR ODUCTION

The propagation speed of particles through tunneling
regionshasbeenstudied theoretically sincethe early days
of quantum medhanics, and optical analogsof tunneling
have beenexploredin recert yearsbecauseof their exper-
imental accessibility. The physical meaning of group ve-
locities greater than the vacuum speedof light ¢c hasbeen
investigated in experimental work on the propagation of
photons through layered dielectric materials with pho-
tonic bandgapsat the frequency of the light [1{3]. The
measureddelays of individual photons in these experi-
ments were consisten with the group delay calculated as
the derivative of the phaseof the transmissionamplitude
with respect to angular frequency The group delay can
be negative, seemingly consistert with propagation at a
speedgreaterthan c. As hasbeenpointed out previously
theseanomalousdelays are the result of pulse reshaping
and they do not imply a violation of Einstein causality
[1{3].

In this paper we take advantage of the regularity of
layered dielectric mirrors to explore explicit e®ectsof
pulse reshaping in the time domain on idealized model
pulses,and we usethis framework to interpret the origin
of the obsened pulsedelays. We study reshapingof both
classical eld pulses and fully-quantized single-photon
\pulses." We make a quartitativ e connection between
the time-domain reshaping and the cornventional group
delay that yields insight into the origin of obsened neg-
ative delays. (Experimentally, the time-domain detec-
tion of \sup erluminal" optical pulsesis di+cult, but suc
studiesare possiblein the terahertz [4] and microwave [5]
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regions of the electromagnetic spectrum, and analogous
acousticwavesthat travel faster than the speedof sound
are experimentally accessiblg6].) Our time-domain anal-
ysis is a speci ¢ example of the \in terference between
... causally propagating consecutive componerts" that

was proposedas universal mecanism for understanding
delays in nondissipative mediain Ref. [7], and we extend
the classicalideasof Ref. [7] into the domain of quantum

mechanics and the transmission of single photons. Our

analysis is complemenary to analysesin the frequency
domain like that of Ref. [8].

We considerpropagation through mirrors comprisedof
layers of non-dispersive linear dielectric materials, eat
of which can be characterized by a singlereal index of re-
fraction nj. This meansthat within asinglematerial elec-
tromagnetic wavespropagatewith equalphaseand group
velocities given by c=n;. The reducedspeedswithin sud
materials are partially responsible for obserned pulse de-
lays, but the reshaping due to multiple re°ections also
plays a signi cant role. Analogous anomalous sound
speedsdue to pulsereshapingin one-dimensionalacous-
tic bandgapshave also beeninvestigated experimentally
[6].

We study propagation of plane waves which are nor-
mally incident on layered dielectrics; the thicknessof a
layer is given by d; and the index by n;. To keepthings
simple we limit the analysisto materials in which the op-
tical path length is the samefor all layers, which means
that the time it takeslight to crossa layer is the samefor
all layers. For conveniencewe de ne a time #, which is
the round trip time within a layer, i.e., twice the transit
time,
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which is independert of the index i. We also de ne a
time #z which corresponds to the delay of a wavefront



propagating through the entire mirror:
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In Sec.l we examinethe propagation of classical elds
and delineate the dependenceof the obsened delays on
the two parameters £4 and +z3. In Sec.Ill we extend
the analysis to fully-quantized single photon “elds, and
draw parallels between the propagation of classicaland
quantum “elds.

Il. PROPAGATION OF CLASSICAL FIELDS

Pulsereshapingin layered dielectrics is most dramatic
for pulseswith abrupt changesin amplitude, and we rst
consider the e®ectson square pulses. Although the re-
shaping of such pulsesleadsto signi cant distortion, the
simplicity of square pulsesmakesit easyto disertangle
the e®ectsleading to transit-time delays. After demon-
strating the nature of the reshaping e®ectswith square
pulseswe discussslowly varying pulses,and derive quan-
titativ e expressionsfor delays.

A. Reshaping of Square Pulses

We considera classicalsquarepulsewith complexmag-
nitude E and duration ¢, and assumethat in the absence
of any dielectric material this pulse arrivesat the obser-
vation point at t = 0, sothat the obsered complex eld
amplitude after propagating through a vacuum can be
written

8
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When the "eld passeghrough a layered dielectric slab
the "eld arriving at the obsenation point is composed
of multiple re°ections. The leading edge of the trans-
mitted "eld undergoes no re°ections, and is delayed by
the time 13 ; re®ected fractions of the "eld will be addi-
tionally delayed by multiples of +4. We write the total
“eld arriving at the obsenation point asthe sum of terms
grouped accordingthe how much time the "eld hasspent
traversingthe mirror. The rst term correspondsto light
that su®erano re°ections; the secondto light that spends
an \extra" time x4 within the mirror; the third to light
that spendsan \extra" time 2+, within the mirror, etc.
(The terms are not grouped by the number of re®ections.
For example, some "elds spending an \extra" time 2+
will have undergonetwo internal re°ections, while some
will have undergonefour.) We separatethe transmission
coexcient for eat term into a real factor describing the
attenuation, and a complex factor giving the phaseshift,
sothat the total "eld arriving at the obsenation point is

written
h
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where in this expression(and throughout this article) |
refersto the wavelengthin vacuum. For a singledielectric
layer the attenuation coezcients are

4n Mnj 1“2“2_
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For more complex materials the coexcients T; are con-
structed from products of the appropriate single-interface
re°ection and transmission coezcients.

For pulseswith durations ¢ that are large compared
to the round-trip time £, many terms in Eq. (4) have
time to \turn on" beforethe pulse completely passesby
the obsenation point. In the middle of such pulsesthe
e®ectie total transmission coetcient is

Total = Tj g2velts i), (6)
j
where N is the number of terms that are \on" at the
obsenation time. As N grows large the transmission ap-
proachesthat given by the standard steady-state trans-
mission coe+cient, which can be expressedas

Tes =
j

T] e| 2Ye(+g +j1a) (7)

Some examplesof the e®ectsof simple dielectric lay-
ers on square pulses are illustrated in Fig. 1. The top
graph in the "gure illustrates the time-dependenceof the
transmission through a single layer whose optical path
length is (m+ 1=4), , sothat €2¢*= = ; 1, correspond-
ing to a minimum in the steady-state transmission. The
‘rst arrival of the transmitted pulse is delayed by #3,
and this early arriving “eld is larger in magnitude than
the rest of the pulse becauseat this time there are not
yet any interferencee®ectsreducing the “eld. The lower
graph displays transmission through a three-layer mir-
ror. The additional layers result in an increaseddelay
in the arrival of the leading edgeand a reduction in the
steady-statetransmission coexcient. The additional lay-
ersalsoresult in an enhancemehn of the large magnitude
of the leading-edge(when comparedto the steady-state
transmission). The relatively large early-time transmis-
sion lasts for times on the order of 15, the time between
arrival of "elds corresponding to terms in Eq. (4). Note,
though, that for multi-la yer mirrors it takes more time
for the e®ectsof all of the multiple re°ections to \turn
on" at the obsenation point, and it takeslonger for the
transmitted pulse to settle down to the steady-state in-
tensity.
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FIG. 1: Transmissionof squarepulsethrough simple dielectric
slabs. The top graph is for a single layer with n = 2:5 and
the bottom is for three layers with n1 = 2:5, n, = 125,
and nz = 2:5. In both graphs the optical path length of the
dielectric layers is chosento be (m + 1=4), , where m is an
integer, so that the steady-state transmission is a minimum.
The time units correspond to the round-trip time through
a single layer, i.e., ta = 2n;di=c. The corresponding leading
edgedelays, 45 , are 0.3 and 0.7 in the upper and lower graphs
respectively.
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The net e®ectof the layered dielectric is to create a
transmitted "eld whoserst arrival is delayed by +g, but
whosetemporal intensity pro le is reshaped sothat there
is relatively more intensity at early times compared to
the intensity prole of the vacuum pulse. This shifting
of intensity to relatively earlier times cortributes to an
e®ective advance of the pulse. If a single arrival time is
to be assignedto a pulse (or a photon), the relative role
of these two e®ectsmust be accourted for when under-
standing seeminglyanomalousvelocities.

We note that for wavelengths corresponding to trans-
mission maxima, the intensity pro les would di®er from
thoseillustrated in Fig. 1. The time of “rst arrival would
be unchanged, but the initial "eld would be relatively
low, and would taketime to \build up" to its steady-state
value. The resulting pulse pro le would show relatively
more intensity at later times comparedto the prole of
the vacuum pulse, cortributing to an e®ectie delay.

B. Transmission of slowly varying pulses

For smoothly varying pulsesany reshaping e®ectswill
be much smaller than those illustrated for squarepulses
in the previous section, but the transmitted pulseis built
up from multiple re°ections in much the sameway. For
pulses that vary slowly enough, the transmitted pulse
that is constructed in this way will have the sameshape
asthe incident pulse. We demonstratethat the transmit-
ted pulse may be constructed such that it is delayed or
advancedrelative to the vacuum pulse. (No violation of
causality is implied, and the intensity of the transmitted
pulse is always lower than that of the vacuum pulse.)

For simplicity we consider a portion of an incident
pulsewith linear amplitude modulation, and assumethat
the linear modulation has beenin e®ectsincea time to,
sothat the incident eld can be written

Ei(t) = Bo[1+ m(tj to)]e " (8)

In the following analysis we assumethat the round trip

time within the slab is much lessthan the time that the
modulation has beenin e®ect,i.e., 4 ¢ (ti tg). This

meansthat a very large number of the terms in a series
likethat of Eq. (4) have\turned on," and the transmitted

“eld is
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where N is the number of terms that have \turned on." When N s large, the transmitted "eld is approximately

" A
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To “rst order in the small quantity £+ =(tj to i #g) the transmitted “eld is

( n
Ez(t) I EOei S t+®)Ts:s:

where ® is a phaseshift that will not be of further con-
sequencdn this analysis.

Comparing the expressionfor the transmitted eld
given by Eq. (11) to that of the incident "eld, Eg. (8),
shows that the net result of the multiple re°ections is an
e®ectiwe time delay of the linearly changing eld given
by

|
il‘l T g2ve(ze +jta)=,

TSZSZ

Temectve = 18 + TaRe
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This e®ective delay can be positive, corresponding to
a true delay, or it can be negative, corresponding to an
advance. The exact value of the delay depends on the
indicesof refraction in the material comprising the mirror
and the number of layersin the mirror.

The rst term in Eq. (12), 15, is simply the delay due
to the reduced speed of wave-fronts within the dielectric
materials. It is always a positive quantity, correspond-
ing to an actual delay. The secondterm contains the
more complicated e®ectsof phasedre°ections, and may
be positive or negative. If it is negative and greater in
magnitude than 3, the multiple re°ection e®ectsthat
led to the reshaping of square pulsesdominate over the
e®ectof reduced wave-front velocity, and the total de-
lay is negative. It is important to note that the e®ectie
time delay doesnot arise from the simple shifting of the
incident "eld at a given time to a new time. Rather,
the e®ective delay is the result of the superposition of
attenuated and phase-shifted elds from many previous
times.

Pulses will maintain their shapes and exhibit delays
given by teeciive as long as the time scale characteriz-
ing the modulation is long comparedto +a, the time be-
tweenthe arrival of successie re°ections. The peak of
the transmitted pulse may arrive after the peak of the
vacuum pulse would have arrived, or before. This is be-
causethe transmitted pulse is not the result of simple
attenuation of the incident peak, but rather it is con-
structed from the superposition of many re°ections, as
in Eqg. (4). Slowly varying pulsesare special in the sense
that the newly constructed pulse has the sameshape as
the incident pulse. We emphasizethat the e®ective delay
doesnot apply to the arrival time of any feature assai-
ated with an abrupt changein the "eld; the arrival of the

1+m ti toi i *aRe
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leading edgeof any disturbance assaiated with such an
abrupt changewill be delayed by +5 .

We conclude this section by demonstrating that the
e®ectie delay given by Eq. (12) is identical to that pre-
dicted by the corventional group delay, which is the
derivative of the phase of the transmission amplitude
with respect to angular frequency Experimental mea-
suremeris of delays have beenconsistert with the group
delay, and our time-domain approac gives a physical
picture of the origin of the obsened delays.

The steady-state transmission coexcient is given by
Eq. (7), and the phaseof this transmission coetcient is

, Im(Tss)’
A = arctan ——=
. Re(Ts:s:) "
Im( ]l TJ ei21/<c(J_rB +]iA))
= p
arctan Re( Jl Tj@2ve(te *ita)) (13)
It is straightforward to show that
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which is equal t0 *eeciive, the e®ective delay given by
Eq. (12), which wasderived above from time-domain con-
siderations.

The equivalence (for slowly varying pulses) of the
group delay with the e®ectiwe delay derived in the time-
domain is a further demonstration that the group delay
has a physical meaning, even in casesin which it results
in a seemingly anomalous advance in the peak of the
transmitted pulserelative to the peak of a vacuum pulse.
For pulseswhich vary rapidly on the time-scalegiven by
+ there will be signi cant distortion of the shape of the
pulse that will depend on the details of the pulse shape
and the characteristics of the dielectric mirror. Any dis-
cussion of delays for such pulsesmust carefully accourt
for such distortions in a way that is beyond the scope of
the preser analysis.
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FIG. 2: Quantum model consisting of a pair of two-level
atoms at xed positions in a large multimo de optical cav-
ity. A dielectric mirror is cerntered in the cavity. We quantize
the modes of the inhomogeneus cavity. The atom on the left
beginsin the excited state and is the source of a photon; the
atom on the right servesas a detector.

IIl. PROPAGATION OF SINGLE-PHOTON
QUANTUM FIELDS

In the precedingsectionwe discussedhe e®ectsof lay-
ered dielectric materials on the propagation of classical
“elds, but the experimental determinations of propaga-
tion time cited above involved the detection of individual
photons. In this section we demonstrate a way in which
the time-domain picture preserted for classical elds can
be extendedto single-photonquantum “elds. We develop
a model in which an excited atom spontaneously emits
a quantized multimo de photon, and we investigate the
time-dependert probability for excitation of a detector
atom located on the opposite side of a dielectric mir-
ror from the emitting atom. The time dependernt exci-
tation probability displays interference e®ectsthat are
exact analogsto those experiencedby classical elds.

A. Quantum Mo del

We consider a large one-dimensionalmultimo de opti-
cal cavity of total length L which contains a symmetric
dielectric mirror in the certer of the cavity. (SeeFig. 2.)
The mirror is comprised of layers of homogeneoudinear
dielectric like that consideredin Sec.ll. We nd the clas-
sical standing-wave modesof the electromagnetic eld in
a cavity that includesthe dielectric material, and quan-
tize the modes of this inhomogeneouscavity.

The cavity alsocortains a pair two-level atoms at “xed
positions z; and z, on opposite sidesof the dielectric re-
gion. The atom at z; is initially in the excited state and
spontaneously emits a photon into the quantized modes
of the cavity; it sernesasthe sourceof the quartized "eld
to be transmitted through the mirror. The atom at z,
beginsin the ground state and seresasa detector of the
transmitted radiation. (It is also possibleto determine
equivalent information about the transmitted radiation
from quantities involving “eld operators such as the ex-
pectation value of the intensity operator, hEi E*i [9].
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We usethe excitation of a two-level atom becauseof the
easewith which can compute this quartity to high pre-
cision in our model.)

The cavity is assumedto belarge, in the sensethat the
length L is very much greater than the wavelength of the
light emitted by the atoms, i.e., this is not a microcavity.
The "nite length L does not cortribute to the physical
phenomenaunder investigation; it simply providesa con-
veniert quartization volume for the eld modesusedin
our calculations.

We use a standard Hamiltonian of quantum optics to
calculate the time ewolution of the system, and pay par-
ticular attention to the amplitude for the atom on the
right side of the cavity to be found in the excited state.
We note that the e®ectsof the spontaneously emitted
photon propagate causally in this model. The explicit
form of the Hamiltonian we useis [10{12]

H = atoms + Heid K, Hinteraction
= Rt @D+ kLAY an
i m ,
X 3

+ h gjmam?/‘ij)"'gjuma?/n?/%]) ;

jim

(15)

in which the atoms are labeled with the index j and the
“eld modeswith index m, and where! (@) s the zero-eld
resonancefrequency of both atoms, ! , is the frequency
of the m™ “eld mode, a,, and a), are the annihilation

and creation operators for the m™" mode, ), ?’/éj), and

¥4 are the pseudo-spinoperators which act on atom j,
and g m givesthe coupling of the j ™ atom to the m™" “eld
mode. In this Hamiltonian we have made the standard
electric-dipole and rotating-w ave approximations.

The mode frequencies! ,, in the Hamiltonian are sim-
ply those of the classical standing wave modes of the
electromagnetic "eld. The spatial mode functions are
normalized so that the energy per photon in the quan-
tized modesis h! ;. The relative magnitudes of the cou-
pling constarts gjm re°ect the spatial dependenceof the
classicalmode functions, speci cally the relative magni-
tude of the mode functions at the positions of the two
atoms. Calculation of the mode frequenciesand spatial
mode functions for the inhomogeneouscavity involves
the solution of a classicalboundary value problem. This
is a straightforward processin principle, although the
large number of boundaries in a multi-layer dielectric
mirror leadsto algebraic complexity. We used transfer
matrix methods [13] (adapted to electromagnetic stand-
ing waves) and the \shooting method" [14] to determine
numerically the mode frequencies.

In the limit of a large cavity we may assumethat the
frequenciesof all atomic transitions are very much greater
than the fundamental frequency of the cavity. In this
limit we can make the approximation that all modesthat
in°uence the dynamics of the systemare near the atomic
resonance,and the atom-eld coupling constarts can be
factored into a product of a frequency-independent con-



stant and a space-degndert coupling factor. The cou-
pling constarts g are given in terms of the electric
dipole matrix elemert d; betweenthe two levels of atom
i , the e®ective volume of the cavity V, a mode-dependen
normalization factor N, and the permittivit y of free
space?q, by

. M@ T
Gm = TN
= §-jNpsin[kn(L=2] z)];

8diNn sinfkm (L=2i z)]

(16)

where k, is the wave-vector for mode m, and in the last
line we have de ned the quantit y
@ 1
- = d | :
! 1 2m2gVv

17)

which is independert of the cavity mode-frequency For
symmetrically place atoms, modes with even spatial
mode functions yield coupling constarts with the same
sign for eadr atom; odd mode functions give coupling
constarts of opposite signs. In performing our nhumerical
calculations we usean equal number of modesabove and
below the atomic resonancefrequency
The basis states for describing the systemare

2 je;g;0i: left atom excited, right atom in ground
state, no photon,

2 jg;€;0i: right atom excited, left atom in ground
state, no photon,

2 j0;0;1ni: both atomsin ground state, one photon
in m" cavity mode,

and we write the state of the system as the linear com-
bination

A = clg'é)je;g; Oi + c(t)jg; €; Oi
+  bn(1)jg g Ini:

m

(18)

In all the examplesin this paper the systemstarts in the
state

jA0)i = je;g;0i; (19)
and we pay particular attention to the complex ampli-
tude c,(t) for the detector atom to be found in the ex-
cited state. Although it is ditcult physically to prepare
a state which corresponds to our initial condition, this
idealized state hasthe advantage that at t = 0 all of the
energy is localized at a single point (the position of the
excited atom), making causal wavefronts ewlving from
this state particularly easyto identify. (A visualization of
the propagation of the wavefronts of the intensity of the
guantum “eld in similar modelsis presened in [15, 16].)

B. Metho d of Solution

It is possibleto nd analytical solutions for the time
ewolution of atom-cavity systemswith a single photon in
simple inhomogeneouscavities [17], but the complexity
of the mode structure for a cavity with a many-layered
mirror makes this approad intractable. Therefore we
construct numerical solutions for the coezxcients c,(t),
cx(t) and b (t) of Eq. (18).

We usethe time-independert SdrAdinger equation to
determine the energiesEy and eigenstatesjE i of the
total Hamiltonian. The time ewolution of the systemis
then straightforward to calculate. If the system begins
in state

JA©O)i

'y(a;g; 0i
JEqginEqje;g; 0i;
q

(20)

then the state of the systemat a later time t is given by

) X
A =
q

e Ea=hE ihEgje;q; 0i: (21)

Projecting Eqg. (21) onto the basis states gives the the
time-dependert coexcients of Eq. (18):

c(t) )h(e;g;OjA(t)i

e Ea=Mte;g; O/EqihEje;g; Oi
X ,
= & FaMjheg OiEqij

q

(22)

G(t) = Qz;e;oj/l(t)i
_ el Ea=Ny: e O[E4ihEgje;g; Oi;
q

(23)

and

1 0; LjA()
e Ee=Phy g L jEqihEgje;g; 0i:  (24)
q

be (t)

We usestandard numerical matrix diagonalization rou-
tines to determine the eigernvaluesand eigervectors used
in these equations. We consider systemswith as many
as 2,000 modes, which leadsto large matrix represena-
tions of the Hamiltonian, but the the matrix is sparse.
Our approad is similar to that usedpreviously in seeral
studies [15, 16, 18].

C. Reshaping of single photon \pulses"

The graphs of this section demonstrate the analogy
between the classical eld and the quantum amplitude
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FIG. 3: Detector atom excitation probability in an empty
cavity. The sourceatom decay rate is °1 = 16 and the detector
atom rate is °, = 256. The rapid rise at t = 1=2 is due
to the arrival of the "eld at atom 2. The rate of the rise is
determined by the detector response,and the slow exponertial
decay re°ects the exponertial shape of the pulse passingthe
detector atom.

to nd the detector atom in the excited state. The to-

tal quantum amplitude is the result of interferencefrom

multiple re°ections in very much the sameway as the

classical eld is the result of multiple re°ections. In this

section we preser results for three cavities: an empty,

or vacuum cavity, a cavity with a simple homogeneous
dielectric region, and a cavity cortaining a dielectric mir-

ror. The results for the simple cavity help elucidate the

more complicated behavior seenin the propagation of

through the dielectric mirror.

For atoms in an empty cavity with no dielectric mirror
it is possibleto 'nd an analytic solution for the dynam-
ics [19. The probability for the source atom to be in
the excited state decays exponertially with decay con-
stant °; = j- 1j°L=c until the time at which re°ections
“rst interrupt the decay; for atomic positionsz; =  :25L
and z, = :25L this decay proceedsuntil re°ections return
to the atom time t = 0:5L=c. For atoms at these posi-
tions the amplitude to 'nd the detector atom in the ex-
cited state remainsidentically zerountil time t = 0:5L=c,
the time at which radiation can rst reac the detector.
Choosing units such that L=c = 1 (which we will usefor
the remainder of the article) the amplitude to "nd detec-
tor atom in the excited state in an empty cavity is [19]

H 1‘” P oo
Q) = £ tj 5
3 1i 2 .

in which the decay constart for the detector atom is
°, = j- »j?L=c, and the step-function expresseghe turn-

on of the excitation at t = 0:5 and the causal dynamics
inherert in our model.

In the limit of very fast detector atom response,i.e.,
°, 1 1, the amplitude c,(t) will instantaneously re-
°ect the strength of the "eld incident on the detector
atom. Fig. 3 illustrates the detector atom response for
the case®; = 16 and °, = 256. The rapid rise re°ects
the responseof the detector atom to the suddenarrival at
t = 0:5 of radiation from the sourceatom, and occurs on
the time scalegiven by 1=°,. The slower decline re°ects
the exponertial shape of the radiation pulse emitted by
the source as it passesby the detector atom [15, 16)].
While in a given run of an actual experimert the excita-
tion of the detector atom will be obsened at a particular
instant of time, the ewolution of the excitation probabil-
ity is continuous, and resenbles the excitation expected
for a classicaloscillator driven by a classical eld pulse.

An illustration of the e®ectof a single dielectric slab
on a pulseis givenin Fig. 4. This "gure givesthe time-
dependenceof the detector atom excitation probability
after transmission of the radiation through a single di-
electric slab whosewidth and index are chosenso that
the classicaldelays are +n = 0:05 and g = 0:015in the
units of the gure. Becausethe deca rate of the source
atom is relatively slow, this "gure is analogousto the top
graph in Fig. 1, which givesthe intensity of a classical
squarepulse after passingthrough a single slab of dielec-
tric material. The excitation of the detector atom \turns
on" at the expected classicaltime, 0:5+ #5, and is inter-
rupted at multiples of +a, the classicalround-trip time

N © . yrVaccum\Pulse"
&' 0.0008- R .
= : Transmitted \Pulse"
§ 0.0006 Delayed Vaccum |
g g, \Pulse” £ st:s:j2
0.0004 - ] —
S '
< :
S 0.0002F .
()
0 [”‘jr | | | |

0.5 0.6 0.7 0.8

time (Units: L=C)

FIG. 4: Detector atom excitation probability in a cavity with
a single homogeneousdielectric slab. The source atom decay
rate is °; = 1 and the detector atom rate is °, = 1024. The
width and index of the slab are chosen so that the classical
delays are £ = 0:05 and #5 = 0:015. The data points are
the result of fully quantum-mechanical calculations, while the
solid line is built from attenuated, delayed, and phase shifted
versionsof the vacuum responseusing classicl delays, phase-
shifts, and attenuation factors.



within the material. The excitation probability \settles
down" to an attenuated and delayed version of the vac-
uum \pulse" of Eq. (25), where the attenuation factor is
given by the classial jTs.j?.

The data points in the "gure are the result of the fully
guantum medanical calculations described in Sec.l11 B,
while the solid line combinesthe quantum results for exci-
tation in an empty cavity with the classicaltechniquesfor
multiple re°ections. In Sec.ll the classical eld is built
up from a sum of appropriately attenuated, delayed, and
phaseshifted “elds in Eg. (4); the solid line in Fig. 4 is
built up from attenuated, delayed, and phaseshifted ver-
sionsof the quantum excitation amplitude Eg. (25) using
the sameclassial attenuation, delay, and phaseshift pa-
rameters that were usedto produce the upper graph in
Fig. 1, i.e.,

h .
Gt i #5)Toe >

+Q(ti i *a)Tr@2elnr )

+CO(t] 4| 24a)T€27e(*a"22)%
I'2
+ ¢¢C

solid line A!

(26)

The same principles apply to propagation through
more complicated dielectric mirror structures. The ex-
citation amplitude after transmission through an 11 el-
emert mirror with alternating high and low index re-
gions is illustrated in Fig. 5. This mirror is similar to
the (HL) °H mirror usedin the experimerts of references
[1, 2]. The \high" index of refraction is ny = 3:0 and
the \low" index is n. = 1.5, giving an intensity trans-
mission coexcient at the minimum in the transmission
of jTssj? = 4:34£ 10 4. The upper graph in this "gure
also shows the empty-cavity excitation probability given
by the squareof Eq. (25) scaledby the classi@al steady-
state transmission factor, jTssj°.

The e®ectsof the abrupt turn-on of the excitation are
evidert in the large variations in the early-time detection
probability before the e®ectsof multiple re°ection have
taken full e®ect. Thesevariations are analogousto those
in Figs. 1 and 4, but they last longer in this casebe-
causeof the relatively large number of layers comprising
the mirror. The lower graph in Fig. 5 displays the initial
turn-on of the excitation of the detector atom. (Note that
the vertical scaleon this graph correspondsto amplitude
rather than probability; the amplitude can assumenega-
tive valuesjust asthe classical eld E, can.) Asin Fig. 4,
the data points are the result of the fully quantum me-
chanical calculations, while the solid line combines the
guantum results for excitation in an empty cavity from
Eq. (25) with the classicaltechniquesfor multiple re°ec-
tions asin Eqg. (26). There is no excitation before the
time t = 0:5+ #z, and at later times the excitation is
interrupted after successie multiples of the single-layer
round trip time £, . We call attention to the vastly di®er-
ent excitation probabilities at early and late times. The
initial large peaksoccur beforethe e®ectsof multiple re-
°ection have reducedthe transmission.
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The "nite risetime evidert in the lower graphin Fig. 5
is determined by the responseof the detector atom char-
acterized by °,. A more rapid detector responsewould
shav a more abrupt rise which more closely follows the
step-function turn-on of the "eld at the detector atom.
The modeling of more rapid changeswould require the
inclusion of more modesin our numerical analysis.

The transmission of a photon from the sourcethrough
a dielectric mirror and to the detector can happen via
many indistinguishable pathways: it can travel directly
without undergoing re°ection; it may undergo a single
re°ection in one of many ways, or it may undergo mul-
tiple re°ections. The numerical results of this section
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FIG. 5: Detector atom excitation in a cavity with an (HL) °H
structure dielectric mirror. The source atom deca rate is
°1 = 4 and the detector atom rate is °, = 1024. The width
of the mirror elemerts is such that the classical delays are
+ ' 0:002and 5 ' 0:0057. The data points are the result
of fully quantum-mechanical calculations, while the solid line
is built from attenuated, delayed, and phase shifted versions
of the vacuum response using classial delays, phase-shifts,
and attenuation factors. SeeEq. (26).



demonstrate that the excitation amplitude for the de-
tector atom is built up from interfering amplitudes for
all of these processedn exactly the sameway that the
the classicaltransmitted “eld is built up from multiple
re°ections.

IV.  CONCLUSION

We have examined the transmission of radiation
through layered dielectric mirrors in the time domain.
For slowly varying classicalpulseswe have derived a for-
mula for pulse delays that takesinto accoun the time-
domain buildup of the steady-state transmission. The -
nite time that it takesto build up this steady-statetrans-
missionresults in pulsereshaping,and our formula helps
delineate the competing e®ectsof pulse reshaping and
the reduced front velocities in dielectric materials. The
delays calculated in our model are equivalent to those
calculated from the cornventional group delay, but our
model provides an aid to understanding and interpreting
the origin of the anomalousdelay times that have been
obsened in experimerts.

We have alsodemonstratedthat our interpretation can
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be extendedto include quantized "elds. We have studied
numerically a model in which a spontaneously emitted

photon propagates through a layered dielectric mirror,

and excitesa detector atom. The quantum amplitude to
“nd the atom in the excited state is the result of inter-
fering terms due to the possibility of multiple re°ections
in much the sameway that the classical eld is the re-
sult of the interference of multiply re°ected "elds. The
terms in the quantum amplitude \turn-on" at exactly the
sametime asthe classical eld terms, and with exactly
the samerelative amplitudes and phases.Individual pho-
tons will be detectedat a range of times described by this
amplitude, and it is the distribution of arrival times of
single photons that is shifted in time in exactly the same
way asthe classicalpulse is shifted.
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